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ABSTRACT

The Monotone Upper Bound Problem (Klee, 1965) asks if the maximal
number M(d,n) of vertices in a monotone path along edges of a d-
dimensional polytope with n facets can be as large as conceivably pos-
sible: Is M(d,n) = Myn(d,n), the maximal number of vertices that a
d-polytope with n facets can have according to the Upper Bound Theo-
rem?

«

We show that in dimension d = 4, the answer is “yes”, despite the
fact that it is “no” if we restrict ourselves to the dual-to-cyclic poly-
topes. For each n > 5, we exhibit a realization of a polar-to-neighborly
4-dimensional polytope with n facets and a Hamilton path through its
vertices that is monotone with respect to a linear objective function.
This constrasts an earlier result, by which no polar-to-neighborly 6-

dimensional polytope with 9 facets admits a monotone Hamilton path.
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1. Introduction

In 1965, Klee [4] posed the Monotone Upper Bound Problem: Forn > d > 2, he
asked for the maximal number M (d,n) of vertices of a d-dimensional polytope
with n facets that can lie on a monotone path, i.e., on a path along edges that
is strictly increasing with respect to a linear objective function. His motivation
came on the one hand from trying to understand the complexity of the simplex
algorithm for linear programming, and on the other from McMullen’s 1971 Upper
Bound Theorem [5] (claimed by Motzkin [6] in 1957), which states that the
maximal number Myi(d,n) of vertices that any d-dimensional polytope with
n facets can have is achieved by the polars Cy(n)2 of cyclic d-polytopes with
n facets.
The Upper Bound Theorem yields, for all n > d > 2, the inequality

(1) M(dvn) < Mubt(d7 n)»

but from this it is not clear whether equality always holds, that is, if for all
n > d > 2 one can construct a simple polar-to-neighborly d-polytope with
n facets that admits a monotone Hamilton path with respect to a linear objective
function. Equality in (1) is known in the cases d < 3 and n < d + 2.

However, in [7] we show that in fact M(6,9) < Myp(6,9): there exists no re-
alization of the (combinatorially unique) polar-to-neighborly 6-polytope Cg(9)2
with 9 facets and 30 vertices that admits such a monotone Hamilton path.

For d = 4 and n = 8, one can show using the same (basically combinatorial)
methods that there is also no realization of C4(8)® with a monotone Hamilton
path — but as we will show here, there are other dual-to-neighborly but not
dual-to-cyclic 4-dimensional polytopes with 8 facets that admit a realization
with a monotone path through all vertices.

In fact, in this paper we prove considerably more: we provide a geometric
construction which shows that the inequality (1) is tight in dimension d = 4 for
alln > 5.

MAIN THEOREM: For each integer m > 0, there exists a simple 4-dimensional
polar-to-neighborly polytope (., with n = m + 5 facets and a linear objective
function f: R* — R, such that the orientation induced by f on the I-skeleton
of @, admits a monotone Hamilton path. Therefore,

M{4,n) = Mup(4,n) = %n(n - 3).

In other words, the maximal number M (4,n) of vertices on a strictly monotone
path in the graph of a 4-dimensional polytope with n facets equals the maximal
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number of vertices that such a polytope can have according to the Upper Bound
Theorem.

An interesting feature used in our proof is that for m > 3, the polar-to-
neighborly polytopes @., are not polar to cyclic ones. In fact, exhaustive enu-
meration shows that already the graph of C4(8)® does not satisfy a combinato-
rial condition necessary for the existence of an monotone path, namely, it does
not admit a Hamilton AOF Holt-Klee orientation. This is also true for the
graphs of the polytopes Cy(n)? for 8 < n < 12; we conjecture that the graphs
of C4(n)? for all n > 8 admit no Hamilton AQF Holt-Klee orientation.

The structure of the paper is as follows: We first give an explicit description -
reminiscent of Gale’s Evenness Criterion for polar-to-cyclic polytopes — of the
combinatorial structure of a family {Q%, : d > 4 even,m > 0} of simple (polar-
to-)neighborly d-dimensional polytopes with m+d+1 facets in Sections 2 and 3.
For d = 4, we then use this description to specify a Hamilton path 7, on
each Q., := Q3 (Section 4). In Section 5, we start with a monotone path
on a certain realization of the 4-simplex )y, and for m > 0 inductively realize
the polytope @41 in such a way that the path m,,, is strictly monotone with
respect to a suitable objective function (Theorem 2.5). We proceed in three
steps: First, we position @, in a suitable way with respect to the standard
coordinates on R* (Section 5.4). We then find a “cutting plane” H,, | such
that the polytope @,, N anl(il has the right combinatorial type (Section 5.5).
Finally, we complete the construction in Section 5.6 by applying a projective
transformation ¥ to R? such that the path ¢(my) on Qi1 = ¥(Qn N H2Y )

m+1
is strictly monotone with respect to the objective function f: R* = R, x — 24.

2. Main results

TuroREM 2.1 (modified Gale’s Evenness Criterion): For each m > 0 and even
« > 4. the following sets correspond to the vertices of a combinatorial type
Q% of a simple d-dimensional polar-to-neighborly polytope with n = m +d + 1
facets.

> Type 1. The union of one “triplet with a hole” and d/2 — 1 pairs of indices
i+ 2 Ui g2 + LU U jaye, Jae + 1},

where 1 < ji <n—d+ 1, j; +3 <js, jx +2 < jour for2 <k <d/2-1,
and jq/9 < 1.
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> Type 2a. The union of one triplet, the singleton {n}, and d/2 — 2 pairs of
indices

{Ji,00 + L1 + 2} U {2, 52 + 1} U -~ U {jaja—1,Jaj2—1 + 1} U {n},

wherel< 1 <n—-d+1, 1 +3<j2, Je +2 < g1 for2 <k < d/2 -2,
and jd/?—l <n-—1
> Type 2b. The union of d/2 pairs of indices

{1,2}u {51,51 + 1} U U {jaja-1,Jaj21 + 1},

where 3 < ji, jk +2 < Jpy1 for 2 < k < df2 -2, and jg/o-1 < m.

1 h J2 Jaj2 M
n J2 Jaj2—1
Type 20 [N
n Jdj2—1

Figure 1. The vertex-facet incidences of the polytopes @‘fn are
obtained from these patterns by fixing the dark boxes, and slid-
ing the lighter boxes between 1 and n without overlap. For Type 1,
the box {71, 71 + 2} must be regarded as one rigid unit.

Remark 2.2: If we accept for the moment the existence of the polytopes @fn,

it is easy to verify that they are polar-to-neighborly by counting the number of
vertices using Figure 1:

Fo(@i_gmn) = (n 2 ldf2- 1)> + <n -2-(d/2-2)- 1)

d/2 d/2-1
Tygel TyI;:e 2a
-2 -1
+ n (d/2-1)
dj2-1
Type 2b

(n i d/2> * 2<n ;/12:?/2>
(n ;/Z/2> " (n ;/12 - 1/2) ’
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which is the number of vertices of a simple polar-to-neighborly d-polytope with
n =m+ d+ 1 facets, since d is assumed even. By [9, Chapter 8], any polytope
with that many vertices is polar-to-neighborly. B

From now on, we will always write Q,, := Q% .

Figure 2. Graph of the 4-polytope @4 with n = 9 facets. Vertices of
type 1, 2a, and 2b are drawn in gray, white, and black, respectively.
Each vertex is labelled with the facets it is incident to.

PRrROPOSITION 2.3: Each polytope Q. admits a Hamilton path T, in its graph
that induces an AOF-orientation (cf. Figure 3 and Definition 4.1 below).

T9 = {fs} T} = {as}

) f = (51}
\0

Figure 3. Left: Graph of @ﬁ. The partition of the vertices into
the tips T°, T, ..., T* is shown, along with the Hamilton path 74
(bold). The source am is labeled {n — 3,n — 2,n — 1,n}, and the
sink wy = {n —5,n—3,n—1,n} (here m =4 and n = 9). See
Convention 5.1 for the labels of the other marked vertices. Right:
The facet F} with the restriction of 74 to it.
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Remark 2.4: The crucial property for our realization construction is that the
path 7,, begins in a certain facet F3J, of the polytope Qn, (defined below),
traverses the rest of Q,,, and then returns to F3, (cf. Figure 3). This permits
us to add new vertices to the beginning and end of 7, by modifying only the
facet F3.

THEOREM 2.5: There exists a family {Q,, : m > 0} of special realizations
cr the combinatorial types @m, in which each Hamilton path ., visits the
vertices of Q. in the order given by increasing z4-coordinate. This family may
be realized inductively starting from the 4-simplex @}y in such a way that for
all m > 0, a realization of Q,,+1 with a monotone Hamilton path 7,11 may be
obtained from any realization of ), with such a path 7p,.

3. Constructing the combinatorial types é‘fn

3.1. FACET SPLITTING. We will prove Theorem 2.1 using Barnette’s technique
of facet splitting [1]. Put briefly, for each even d > 4 we will inductively construct
a family {(Q%,F) : m > 0}, where each Q% is the combinatorial type of a
simple d-dimensional polytope with m + d + 1 facets, and F, is a flag of faces
on éd (to be defined shortly). We then use F,, to find a “good” oriented
hyperplane H,1in general position with respect to the vertices of Q and

set Q2,1 = Q4L NHLY,.

Definition 3.1: Let P be a d-dimensional simple polytope. A flag of faces on
P is a chain

(2) FQ=F'cF°cF'c---CF'=P

of faces of P such that dim F* = 4 for i = 0,1,...,d. The i-th tip of a flag
Fis T* := vert F* \ vert F*~1, for 0 < 4 < d. We say that the tip T* is even
resp. odd according to the parity of . Moreover, for 0 < k < d we set

TSk = |J T¢ and Too= |J T°

even
0<e<k 1<0<k

e even o odd
LEMMA 3.2: Let P be a simple d-dimensional polytope with n facets, and F
a flag of faces as in (2). Then there exists an affine oriented hyperplane H in
general position with respect to P such that T5¢, C HY and To§ =d qa CH

particular, PN HZY is a simple d-polytope with n + 1 facets.
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Proof: Pick an oriented point {v} = H® C relint F! such that T° € (H%)*.
Inductively, for 1 < k < d — 1, if we have already chosen an oriented (k — 1)-
dimensional affine subspace H*~! in aff F* such that

(3) TSk C(HMDY and Tgg c (HM),

we take a k-plane H* that initially coincides with aff F*, and orient it in such
a way that TF*! lies in (H*)* if k + 1 is even, respectively in (H*)~ if k + 1
is odd. Now we rotate H* by a sufficiently small amount around H*~! in such
a way that T5Y C (H*)*. Then (3) even holds with &k replaced by k + 1.

By construction, the hyperplane H := H%™! is in general position with respect
to P. 1

Definition 3.3: The family {(N‘fn,fm) : m > 0} of d-dimensional polytopes
Q% equipped with flags F,,, of faces is defined in the following way:

(a) @8 is the combinatorial type of the d-simplex conv{v;,vs,...,v4+1}. The
flag JFy is defined by setting F := conv{v;,vs,...,v;41} fori =0,1,...,d.
Then

(4) T¢ = vert(Fg) \ vert(Fi %) = {vip1} fori=0,1,...,d.

(b) For m > 0, let H = H,,11 be the oriented hyperplane given by applying
Lemma 3.2 to P = Q% and F = Fp,, and set Q% := Q%4 N HZS, and
(cf. Figure 4)

T2 1 := vert(conv(Th UT2) N Hppi1),
vert(conv(TO UTL )N Hyppa),

T71n+1 =
Tfnﬂ 1= vert (conv (Tﬂ,;“ U U T,’;L) N Hm+1) for j =2,3,...,d—-1,

0<k<y
k+j=0 mod 2

d —— 2k
o= | T2
0<k<d/2

The flag F,,+1 is now defined by

J
Fla=Thy forj=01, . 4d
1=0

Moreover, put
TS (m U TF, and T(Eiﬁ(m): U Tr.

0<e<k 1<o<k

e even o odd
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1 Hmil

4
Trrl-}-!

3
Tm 1

2
Tm 11

0
Tm +1

il
-{rn

11
an+1

______

Figure 4. New tips in the case d = 4.

Remark 3.4:

(a) The polytopes Cy4{n)® arise by exchanging the definitions of T,
and T} ;.

(b) All new vertices arise as the intersection of Hy,4, with some edge
conv{v,w} of éfn, where v and w lie in tips of different parity. Further-
more, all vertices of Q% belonging to even tips are also vertices of Q% ,,

and vertices in odd tips disappear.

PROPOSITION 3.5: For each m > 0, the following is true for the pair (Q%,, Fp):
(a) For alli,j e Nwith0<i< j<dandi+j=1mod2 and all v e T},
there is exactly one w € TJ, such that conv{v,w} € sk'(Q%,). This gives

rise to bijections TSE (m) = TX | for odd 0 < k < d resp. TS5 (m) =

Tk ., foreven 0 <k <d.
(b) |TE| = |T&!| = (¢/2™) for even e = 0,2,...,d — 2, and |TZ| = (Y*F™).

This proves again that Q%, is polar-to-neighborly.

Proof: (a) This follows because v lies in Fj' = |J/—; T%, and conv(Fi™!) is

a (j — 1)-dimensional face of the simple polytope conv(FJ,) = conv(F7, 1 UT%).
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(b) We proceed by induction, and can assume that the assertion holds for m > 0.

From the bijections in part (a), we conclude for all even e =0,2,...,d — 2 that
e e/2 e/2
; k+m e/2+m+1
Tl =il = 3 Tl = L =3 (1) = (P2 e,
i=0 k=0 k=0

i even

The calculation for |T2, | is similar. The fact that @fn is polar-to-neighborly
follows by the same argument as in Remark 2.2, since

£o(@2) = jz; (’“ ;m) ; L(dgﬂ (’“ * ’”)
(") (a7

() ()

3.2. COMBINATORICS OF THE FAMILY Q¢ .

Convention 3.6: We introduce labelings to make the combinatorics of the an
explicit:

(a) For any labeling of the facets of a simple d-polytope P with labels in [n] :=
{1,2,...,n}, let A: vert P — ([ZJ) assign to each vertex v of P the set of
labels of all facets that v is incident to. We identify a vertex v with its
label A(v).

(b) The facets of the d-simplex ég on the vertex set {vy,va,...,v441} are
labeled in such a way that vi = Mvy) = [d+ 1]\ {2}, v2 = [d + 1]\ {1},
and v; = [d+ 1]\ {j} for j = 3,4,...,d + 1 (cf. Figure 5).

(c) The “new” facet Q% N Hynt1 of Q% , is labelled m + d + 2.

{vs} = T 26 12|34

123]5 2a T03 = {’U4}
{vs} = T2 2v 12[45

934(5 2 T = {uvs}
{n} =T 11345

Figure 5. The labeling of the vertices of the 4-simplex Qy according
to part (b) of Convention 3.6. Also shown is the classification of the
vertices into types 1, 2a, 2b as in Proposition 3.7.
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PROPOSITION 3.7: Let m >0 andn=m+d+1. A vertex v of Q%, lies in T%,
exactly if

m+2 fori =0,

max, ¥ := max([n] \ v) = {m+1 fori=1,

m+i+1 for2<i<d.
Proof: This is true for m = 0 by (4) and Convention 3.6; see also Figures
5and 6. For m > 0 and 2 < ¢ < d — 1, the statement follows because any
vertex ¥ € T, is of the form ¥ = conv{v,w} N H,, = (v Nw) U {n} for some
veTE_, and w € T:F!, with k <. But then by induction,

max, 10 <maxp,1w=(m-1)+GE+1)+1=m+i+1,

so max([n] \ ¥) = m + i + 1 as required. The case i = d follows directly from
Definition 3.3, and the cases ¢ = 0,1 are checked similarly. |

Proof of Theorem 2.1: The existence of the family {(Q%,, F,n) : m > 0} follows
from Lemma 3.2. Using Propositions 3.5 and 3.7, it is somewhat tedious but

elementary to verify that for all m > 0, the vertices of @‘fn are of the given types.

More precisely, all vertices of T,5& (m) are of type 1 or 2b, and TS4~"(m) is

made up entirely of vertices of type 2a; cf. Figure 6. |
2 12/34
o 12|34 2b 12/45
T4 25 12/45 6 Té ! 1g|45
| 13]45 2b 12|56
123(6 2a .5 1 13156
5 T; 1 24|56
234(6 2a
2 12]56 123]7 2a
T? 1 13]56 * 6 234|7 2a T3
2 3456 2 T} 2 12167 345I7 24
T 12456 3 T2
5 113|67 5
1 24|67
3 4567 2a T4
R T 135067 4 )

O Q2
Figure 6. Vertex labels in the polytopes Qr (left) and Q- (right).

Also shown are the type (outside) of each vertex v and the value of
max, ¥ (inside).
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4. A Hamilton path 7, that induces an AOF-orientation on Q,,

Definition 4.1: Let P be a simple d-polytope. An acyclic orientation of the
graph of P that has a unique sink in each face (including P itself) is called
an AOF-orientation on P. For any orientation O of the graph of P and
0 < k < d, denote by hy(O) the number of vertices of in-degree k in O.

PROPOSITION 4.2 (see e.g. [9, Chap. 8.3] and [3]): An acyclic orientation O of
the graph of a simple d-polytope P is an AOF-orientation if and only if the
h-vector of P coincides with the vector (ho(O), h1(O),..., ha(O)).

Proof of Proposition 2.3: By inspection of Figures 2 and 3, the algorithm of
Figure 7 yields a Hamilton path 7, in the graph of @m. Note that 7, passes
through T}, T3, T4, T2 and T2, in this order (cf. Remark 2.4).
(1) “Odd stage”. for i from n -3 to 1 do
visit {i,i + 1,4 +2,n};

(2) “Even stage”. for j from 3ton—1do
1:=37—3
while ¢ > 1 do “down” phase
visit {4,1+2,7,7 + 1};
1:=1—2

visit {1,2,7,7 +1};
if j is even then ¢ := 2; else i := 1;
while i < j -4 do “up” phase
visit {3, +2,7,7 +1};
ti=1+2;

Figure 7. A Hamilton path 7, on the graph of ij that induces an
AOQOF-orientation (n := m + 5).

We now verify that 7, induces an AOF-orientation on the graph of @m.
The h-vector of a simple polar-to-neighborly d-dimensional polytope with n =
m + d + 1 facets is given by by = (""%. %) = (™M) for k = 0,1,...,d.
Therefore, by Proposition 3.5,

(IT'V:)l'Ll? |TS’L|7 ,T;:llﬂ IT'r?}L |T7())'L|) = (h07 h17 h27 h37 h4)

By Proposition 4.2, it suffices to verify using Figure 3 that if the orientation
of each edge of the graph of @, is consistent with the total ordering induced
by 7m, then the vertices of T, T®, resp. T* all have in-degree 0, 1 resp. 2,
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furthermore T° and all but one of the vertices of 72 have in-degree 3, and this
vertex, the sink, has in-degree 4. |

5. Realizing the monotone Hamilton paths

In this section we prove Theorem 2.5, and therefore our Main Theorem.

5.1. OUTLINE OF THE INDUCTIVE CONSTRUCTION. For all m > 0, we first find
an oriented hyperplane H,,,, that separates the odd part Tosd‘:i(m) =TLUT?
from the even part T5i (m) = TO UTE UTH of m,. We then create an

intermediate pair (@}, Fr1) as in Proposition 3.5: Q.4 = Qm N H,%(_)H is

a simple polar-to-neighborly polytope of the same combinatorial type as Qm+1,
and the flag 7, ,, of faces is defined as in Definition 3.3(b).

Our combinatorial model ém+1 provides us with a Hamilton path 7,41 on
@},+1 that is not yet monotone with respect to the objective function f : x — z4.
However, we will choose H,,,11 in such a way that there exists a pencil

H={H;:teP(R) 2RU{c}}

of hyperplanes in R* with the following properties:

(S1) The intersection of all hyperplanes in H is a 2-flat R = ﬂte]l"(]R) H; (the
axis of H), and vertQ, ., NR=10.

(S2) The pencil H “sorts the vertices of Q7 ,; correctly”: If p € H, and q € H,
are vertices of Q7 ,, with r,5 # oo and p precedes g in mm41, then 7 <s.

We then apply a projective transformation ¢ to R* C P4(R) that maps Hy, to

the hyperplane at infinity. Because the common intersection R of all hyperplanes

in H is also mapped to infinity, the image ¥(H°) = Y(H\Hw) = {¥(H;) : t € R}

is a family of parallel affine hyperplanes in R*. The new objective function f

is then defined by the common normal vector to the hyperplanes in 1(#?), and

the Hamilton path ¥(mpm41) on Qm41 = ¥(Q,,,) is strictly monotone with

respect to fm41 by (52).

5.2. PROPERTIES OF THE FAMILY OF POLYTOPES.

Notation 5.1: We use the following names for some special vertices of Qm:
> The source {n—3,n—2,n—1,n} of T, is called ay, (so that T}, = {am}).
> The sink is wy, == {n—5,n—3,n—1,n} € T2.
> Bm = {n—4,n~2,n—1n} (so that TS = {Bm}).
b Tmi={n—5n~-3n-2n—1}eTh.
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PROPOSITION 5.2:

(a) The induced subgraph of sk*(Q.,) on T), UT3 is a path of length m + 1
on the m + 2 vertices v§* = am, V1", ...,V 1, and the induced subgraph
on TZ is a path wl, wy', ..., wh, .

(b) For 0 < i < m, the edge e; = conv{v®, o™} in T3, is incident to a 2-
face G; of Q,,, such that the vertices of G; \ e; are consecutive in 7, N T;fl.

(¢) For1 <14 < m, the edge f; of Qm, that connects w]* and w[}, in T2 N,
is incident to a quadrilateral R; whose other two vertices are consecutive
in T2 N7y,

(d) Set G(m) = vertU2,G:i \ e; and R(m) = vertJ;~, R; \ fi. Then
G(m)U R(m) = T2, and G(m) N R(m) = Tp,.

|
Vit
V;

Figure 8.  Vertices of a 2-dimensional face incident to v; =
{i,i+ 1,04+ 2,n}and vy = {i+ 1,4+ 2,2+ 3,n} (dark) in TLUT?.
The light vertices lie in T}, and form a subpath of 7,,.

Proof: (a) All vertices of '3 are of the form {i,i+1,i+2,n}for 1 <i<n-3,
and the only way for two such vertices v]" and vl to be adjacent for 1 < j
is to have j = i + 1. The statement about the w™ follows in a similar way.
(b) For 1 <i < m + 1, the 2-face incident to vy42—; = {i,7 + 1,4 + 2,n} and
Umt1—i = {i+1,4+2,7+3,n} that is the intersection of the facets i+ 1 and i +2
consists of the vertices of Figure 8. The claim (b) follows because these vertices

form a contiguous segment of 7, and (¢) and (d) from Figure 9 (left). |

Observation 5.3: The new start vertex am41 Of Ty lies on conv{am, Bm},
the new end vertex wy, 11 on conv{v™, 8.}, and Bnq1 on conv{am,,wn}; see
Figure 9 (right).
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5.3. START OF THE INDUCTION AND INDUCTIVE INVARIANT. We work in R*
with standard coordinate vectors e, €y, €3, €4, and abbreviate a linear subspace
rie; 1 € Iy by {(i:i€I) for all I C {1,2,3,4}. An essential tool will be shear
transformations: these are linear maps gl R* - R* fori,j € {1,2,3,4},
i # 7, and a € R whose matrix is Iy + ad;,; with respect to the standard basis
of R*. Here Iy is the 4 x 4 unit matrix and §; ; is the 4 x 4 matrix whose only
nonzero entry is a 1 in position (7, j). In particular, o7 ; maps e; to e; + aej,
and the standard basis vectors ey, k # i, to themselves.

Ty = {Bm}

Ty = {am}

wl‘i!

Figure 9. Top: More details about the graph of Q. We have
highlighted the graphs of the 2-faces Gy and (; that correspond to
the edges ey and e; by Proposition 5.2 (b), and the 2-face R, that
corresponds to the edge fi according to Proposition 5.2 (¢). Bottom:
The portion of the new Hamilton path 7,41 in the facet F3,.

The start of the induction is the pair (Qg, Fo), where (Jo is the 4-simplex
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whose vertices vy, v2, V3, V4, U5 are given by the columns of the matrix

0 0 1 0 0

0 1 0 0 0
(5) -3 -1 3 2 1}/

—2 —1/2 0 1/4 2

and F is the flag Fo: F§ C F} C --- C Fg = Qf of faces labeled as in
Definition 3.3. In particular, the vertices v; lie in the following tips,

v | vy | vs | vg | vs
LT | |0 [T

F? = conv{vy,vs,v5}, F§ = conv{v, vy, v4,05}, and my = (v1,va,v3, Vg, Vs)-
For all m > 0 the polytopes @), will maintain the following property:
(M1) The Hamilton path 7, in the 1-skeleton of @, is strictly monotone with
respect to the objective function f: RY — R, x > 4.

5.4. INDUCTION STEP I: POSITIONING THE POLYTOPE. In this and the follow-
ing section, we will position the polytope (0, in such a way that the coordinate
subspaces of R* are compatible with the flag F,,. More precisely,
> F3 =QnN{xeR 0y =0}, and T} C {x e R':x; >0}; and
> the hyperplane Hs = {x € R* : r3 = 0} will scparate T5! (m) from
To?lfl(nl)'

LEMMA 5.4: Let 7 be the linear projectionm : R! — (3,4), and use the notation
of Convention 5.1 and Proposition 5.2(a). Then there exists a non-singular affine
transformation o of R* such that Q,, = o(Q.,) satisfies the following additional
Conditions‘ while 7, = o(my,) still satisfies (M1):

(M2) F2 C{xeR!:r; =0}

(M3) affl F2 = {x€R':2; =0} and Q,, C {x ER* : 7; > 0}.

(M4) (am)2 =0,12 <0 forallr € F2 \ {an}, and (Bm)2 < (7).
(M5) The image of F2, under 7 is full-dimensional: dim aff(w(F2)) =
(MG) The 3-flat Hs = {x € R' : x5 = 0} strictly separates 7’:,3“(171) from
To(l:](m) Moreover, we may choose the point of Hg N F3 of lowest 4-

m
coordinate to be apy1 = conv{an, Fm} N Hg, where (apy1)s = 74 =

(Tm )4 .

Proof: Properties (M2) and (M3) are a matter of trivial affine transforms that
can be chosen to leave the 4-coordinates invariant, thereby maintaining (M1),
and property (M4) can be achieved via a translation and a shear 05, : 72 —
Ty + axs.
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For (M5), choose t € FZ with t; = g4 for some g € T3 ; such a point exists,
since @, € F2,, and (am)s < gy < max{sy : s € F2} for all ¢ € T3 by (M1)
and Remark 2.4. Translate ¢ such that ¢ = (0,¢2,0,0) with ¢ < 0, and apply
a shear transform o3 5: 23 — 23 + bzz to R*, where b € R is chosen such that
m(05(q)) = 7(03 5(t)). This can be done because 7(t) — 7(g) € Rr(es). Then
(M5) is fulfilled because dimaff F2, = 3: supposing that dimaff(r(F3)) = 1
would imply via t € FZ and g € F2, that q € aff F2; however, this is absurd by
the choice ¢ € T3 . Note that none of the maps we used affects (M2)—(M4).

For (M6), define b to be the point of greatest 3-coordinate of
F2Nn{x € R!: 24 =74} In particular, by > max,ers z4 by (M1), and b lies
either on the edge conv{am, B} or on the edge conv{a,,wy,} of FZ C Qn
(cf. Figure 10).

L =o(0)

=T}

m

Figure 10. Positioning the polytope, step (M6). The map og, 4 shears
the polytope until (the preimage under 7 of) a vertical line ¢’ sep-
arates the odd from the even tips. On the right, the approximate
position of w’ is marked; ¢f. Lemma 5.7.

Possibly using the transform z3 + —z3, we can achieve be conv{Qm, Bm },
and b = @41 after a translation along the 3-axis. Now choose a non-horizontal
line £ through o, such that 7(£) separates n(TL, UT3) from =(F2 \ T}) (for
example, perturb £ = an,4+1 + Reg), translate ¢, again such that apm =0,
and apply a shear 0§ 4: T3 — 3 + cx4 tO R* such that the line ¢ := 0§ ,(¢) =
{x € R* : 21 = 23 = 0} Naff F2 is vertical, and 73 < 0 < y3 for all z € T}, UT3,
and y € F2 \ T, (cf. Figure 10). If the hyperplane 7~ '(x(¢')) does not yet
separate T, from T2, apply another shear of,: x3 = z3 + dz; with d > 0
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until it does (note that (M3) already holds), and then define Hg := n~1(x(¢')).
This hyperplane then separates the odd and even parts of 7, by construction,
and (@m+1)4 = 74 also by construction and because the shears 0§ 4 and 0%, do
not affect 4-coordinates. Neither do they affect conditions (M1)-(M5), so we
define o as the composition of all these maps. ]

Remark 5.5: The conditions (M1)—-(M6) are satisfied by the coordinates (5)
for Q().

5.5. INDUCTION STEP II: FINDING THE CUTTING PLANE. In this section, we
will find a hyperplane H,1; that gives rise to a polytope @7, ,; = @m N Hm 11
of the same combinatorial type as Jm4+1. Namely, assume that the conditions
(M1)-(M6) hold, define H,,,; to be the hyperplane {x € R* : n7x = 0} with
n = (0,—-6,1,¢)7 for some small € >> § > 0, and assign the label n+1 = m+d+2
to Hy,+1. Note that Hy,yy converges to Hg as ¢,6 — 0.

Remark 5.6: Up to now, we have put the facet F2 into the 3-plane
{x € R* : 2; = 0} and the tip 7% into the half-space {x € R! : z; > 0}.
This allows us to move “almost all” of the vertices of m,, (namely, the portion
inside T},) “out of the way”, via a shear ¢§, that only affects 3-coordinates.
These “o0ld” vertices will be dealt with in Lemma 5.8 below.

We still need to arrange for the first and last part of 7,41 to be traversed
in the right order. We achieve this by adjusting the position of Hy,4; via the
parameters ¢ and ¢ in the definition of n (note that we chose ny = 0, because
we are already done with T)2). If § = 0, then 7(H,+1) is a line whose slope is
determined by £. We choose € > 0 to ‘push out’ the first part T}, UT3 ;| of
the new path 7,,1+1. However, if we left 6 = 0 we would not correctly sweep the
last portion T, UT? ;. Items (M8)—(M10) of Lemma 5.7 guarantee a correct
sweep in Lemma 5.8 for sufficiently small 0 < § < ¢.

LEMMA 5.7: Assume conditions (M1)-(M6) and (am+41)s = (@m+1)a = 0, and
fix vertices q € TS (m) and s € TS4 (m). Let ¢ = conv{g,s} N Hy11 be the
intersection with H,, 1 of the line through q and s (which is not necessarily an
edge of Q). Then, if a > 0 is sufficiently large and 0 < 6 < ¢ are sufficiently
small, the image 0% ,(Qm) of Qm under the shear 0%, satisfies the following
conditions (M7)-(M10); cf. also Figure 12 below.
(M7) g3 >0 for 0 < 6 < ¢, and g5 \, 0 as d,¢ \, 0. In other words, all points
in 0§ 1(Qm) N Hyq1 can be chosen to have positive 3-coordinate, but to
lie arbitrarily close to Hg.
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(M8) Set u := (v**')" = conv{aum, Tm} N Hpmi1 and suppose that q' # u. Then
the image w(aff{u, ¢'}) C (3,4) of the line through u and ¢' under = comes
arbitrarily close to being vertical as a — oo and €,§ — 0.

(M9) Set o := o, = conv{aum,Sm} N Hpnyi. If it happens that q,q € T3
and g4 < gs, so that ¢',q’ € T3, and ¢y < g4, then the slope oy of the
line w(aff{«’,q'}) is greater than the slope oy of the line w(aff{a’,¢'})
(and both are negative).

(M10) Set w' := w1 = conv{fBp,v[*} N Hymy1. Then the slope 0,4 of the
line w(aff{w’, a'}) is less than the slope 0, of w(aff{w’,u}).

Proof: We abbreviate ¢ = 0§,. For (M7), we have conv{g,s} N\ Hy11 # 0
since ¢ and s are separated by H,,4; for small enough 6,e. We calculate the
intersection point ¢’ = conv{q,s} N Hy+, by solving nTq + unT(s — q) = 0
for i, obtaining

-q).

By (M2), the map o leaves the points ¢/, ¢, and w' invariant, and maps s to
o(s) = s + as)es; as a consequence, n”o(s) = n”s + as;. Using n7q = —d8¢s +
gs + £q4, we obtain

n_ n’q
(6) 7)== 9t ST =) —am

—r q+ (Oa 07 _ana O)T = (07q2a 5(12 —£44,q4
a—00

(s —q+asies3)
)T
Because q4 < (am41)a = 0, we can choose 0 < § < £ so small that o(q’); > 0

(note that g2 < 0 by (M4)). In particular, we obtain o(q’); \, 0 as £,4 N\, 0.
Statement(M8) follows from (6) and the fact that

oo _ g
all)n;o O’(q’)g — a(u)3 - 5(q2 - ug) — 5((]4 — Uyg) ‘

For (M9), note that since ' is invariant under o,

! ] I
_o(d)s—ay qs — oy
a'qg = 7 T T ] )

o(q')3 — o a~o0 dgy — afy — €q4

and similarly for §; the statement now follows from ¢4 < g4 and 0 < § € €.
To prove (M10), set a := am, § := Bp, v:=0]" and 7 := 7p,. Then
u = conv{a, 7} N Hpt1,
o =conv{e,} N Hpiy, and

w' = conv{v, 8} N Hppy1.
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We need to verify that

! ! !
a4 - (JJ4 Uyg — CU4
Cuwia) ‘= 5 T < 7 = Ouwu-

From equation (6) and condition (M4), we deduce that
lim u = (0,0, —eay, ) ”.
a—>00

For o' and w’ we obtain the following expressions:
T

! n o
o :a+n—T—(‘a—_‘B—)(ﬂ"a)’
~ T a3 + Eay
= (0,0, as, aq) +5ﬂ2+a3_ﬂ3+5(0¢4_,@4)Wb
! nTV
IVt Y

—dvg + v3 + €vy
—0(va — B2) +v3 — 3+ e(vs — Ba

= (0,U2,U3,U4)T+ )W27

where we have set

w1 = (0,82, 85 — az, Ba — au) T,

wy = (0,8 — vz, 85 — vs, B — vg) 7.

For convenience, instead of (7) we will verify that 1/6, > 1/0,,. Indeed,
expanding these expressions in terms of 4, £, we obtain

t1

F-—/‘-\
1 _ Bsvz — Baus + a3(B2 — v2) d—e+pi(6¢)

Ouwaor  V3(ag — B1) + PB3(vs — a4) + a3(Bs — v4)
—_——

t2

1 B3vy ~ Bavs
= 6 —e+p2(6,e),
Ouwu  U3(as — B4) + B3(vs — a4) pa(d.e)

where p; and p; are power series in d,¢ with min-degree at least 2. Notice

that up to terms of degree at least 2 in 4, ¢, the two formulas are equal except
for the expressions ¢ resp. ¢, in the numerator resp. denominator of 1/0, 4.
Therefore, we can write the difference between the inverses of the slopes as

! 1 (gii; —%>5+p3(5,5).
Since az < (@m41)s < 0 by assumption and 82 < vy by (M4), we obtain #; > 0;
and the inductive assumption (M1) implies that 84 > v4 and therefore ¢, < 0.
The claim follows. 1

Ow'a! Ow'y
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5.6. INDUCTION STEP III: THE PROJECTIVE TRANSFORMATION. As a last
step, we construct a l-parameter family # = {H; : ¢ € P(R)} of hyperplanes
that contains a 2-plane R as their common “axis”, as in Section 5.1. Let

O =n(b+e1(w—a) —eszes)

for some small €,,e3 > 0, so that O lies outside but very close to the edge
conv{a,w} of m(F2,), and define the 2-plane R C R* to be R = 7~1(0).

LEMMA 5.8: Let H be the pencil of hyperplanes in R* sharing the 2-plane R,
and such that 7 (H) is the line through O parallel to conv{ca,w}, and the slope
of n(H,) is smaller than the slope of m(Hy) exactly if r < s. Then H fulfills (S2),
i.e., it sorts the vertices of Qm+1 in the order given by Tpm1.

Proof: We examine the pieces of 7,41 in order; cf. Figure 12.

> Tho = {a} is the start of mmy1: This follows for small enough e3
by (M10).
> T3 1 is traversed nezt, in the right order, and before T, : The first two

statements follow from (M7), (M8) and (M9), and the last one because
z3 = 00 as a — oo for any 2 € Ty, while the 3-coordinates of T3, remain
bounded by (M7).

> The correct order in Ty, C T 1. By Proposition 5.2(b), each of the edges
e; = conv{v!, v}, 0 <i < m,of T} UT? is incident to an (m+1)-gonal
2-face G; (see Figure 9), and the edges E; of G; not incident to e; form
a monotone subpath of ;1. This implies that for each e; € T3, the
slopes of the projection of each E; to (3,4) are strictly positive (and, by
convexity, monotonically decreasing; see Figure 11).
Therefore, T(|J-, E;) is a strictly increasing chain of edges. This fact
remains true after applying the linear map o = ¢%; by invariance of the
e;’s and all 4-coordinates under o, and the convexity of the projections
of 2-faces. The correct order up to 7 in T C Tp,, follows from condi-
tion (M6): ay > s4 for all s € |, vert G; \ verte;. Similarly, the 4-gonal
2-faces incident to T2 of Proposition 5.2(c) enforce the right order be-
tween 7 and T2

> T2, is traversed after T, : Since 8, the first vertex of 7,41 to come af-
ter T2 m41 lies on conv{a,, wn }, this can be achieved by choosing € and &;
suitably small.

> Correct order in T2 1 and T ;. This follows because the convex polygon
n(F2 +1) is star-shaped with respect to any point on its boundary, and the
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choice of O close to an edge of w(FZ ;).

Figure 11. Convexity of the (m + 1)-gonal faces G; enforces the
correct order in T C T4 ;.

This concludes the proof of Lemma 5.8. |

Finally, we apply the projective transform : R* = R*, x — x/(ax — ag)
that sends the 3-plane Hy, = {x € R* : ax = ag} to infinity, and set Q11 :=
Y(Qr,41)- Lemma 5.8 then implies the inductive condition (M1), namely that
) m+1 admits a monotone Hamilton path m,,,1+1. The proof of Theorem 2.5, and
so of the Main Theorem, is concluded. |
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{am}

Figure 12. The inductive step: We show the projection of the poly-
tope Q4 to the (3,4)-plane, and the vertices obtained by intersecting
Q4 with Hs. The arrows next to the labels 9 and 10 point to the
lines about whose slope the corresponding condition in Lemma 5.7
makes an assertion. The line through O is the projection of the 3-
plane H... A sweep around O encounters all vertices of QN Hpyt1
in the correct order m,, prescribed by Tpm41.
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